
Froberins Lifts

and

Group Rings



Def A p -cydotomis spectuun vy

Frobenins lifeis ap
- cyclotomic
⼀

spectrum X , uy a

T

- equtfartorizatis
→ or

X →pxhp→
0 xtp rarthen

Cp∞- egrt
Which extonlsof 4p : X → XtPmtreticinyx
istoTT

-

ourpromplet
binesNote: A p - cyclotomisspectrums is a speeton below

ULI P121
.

ul Cps -artin X ws eps - egrt map

X → xtCp Lunder (poalpi Cp∞)

where pos CIisthe subgrampofelements

of p -powertorsion .Eps aQPIpEQZp )
≈ 互[ ]1≈ z



and we have a cornespundy To for

p- cyclotormse spentre .

Examphe XtuiradmitsFrobening
⼀

lift

p :xx ^
x

→ xtcp

mp(Ʃ早pt,x) map(Ʃ早Bp , x )

t bounded below

If X has a Frobeninn lift and is p -compet

4 : Xh* →XtM tators us

xhπ→⼼
x

切价
(

xng价→
所

셅 1 3 ,Tateontbit lemma
Ψ

XhT-anXtπ
more exactly .

seeN了
loum π . 4. 2

: for X a spectoum uy Opr - oetion

bounded below ,
then( Xhep

)
t
(puyp )

e 0

A lmuch) funther Con
…



Indeed XHG 7 EX)分
X p - omplets xtπ p - complett

?

So 4 - can : XMT→xtTfactors

πas xh*idxht san x

X p -omplete, bommhed below
.

p - cycloton is spertumm
w , Frobening

life ,

then

TC (X )→≡Xnπ
↓ tr

X p
-id ↓ ∵ xnπ

⽂ p→



砂↓

⾄

Tc (x)→Ʃλnπ→
0

↓ ↓t ↓
Xhπ→ Xhπ-an xt

π

tid

↓ ↓ NI I ,Sation 4

X→
4p
-idx

□ + :] → 2::



⼀

Tc (xtri )= XPX ④fib(E$nn
⼀
三4院as fp - id =0 apre though of

"

naris
a cell at eack 2k

deg , 1ka - 1
.

"

Let f be an
Ee
- gromp

in S
.

Writ $[GI :=Ʃ即G

K ( $IGI)is intenestiz ,
it's colled

the A -theony of yeBG ,
which is

importaentingeometric topology.



THH( $[GI) =E早LBG
§

free loop spae
iue .

MopLsu , BG) ,

THH($[GI) = 3早 | BOy
(
G )|

ComponBOY
'(
6)y the yelicofjilet

funC S .
,

BG)
.

whene Snisthe e- cat freedy

generatd by
2 .
→…

∵
n- y

↑
¢

"

:e
'

n

Fun(Sn
,
BG) is not G

*n

,



but GIn ( G*n) ,

so ( s. , BGl) is obtaind -from

IBOY (Gl by takiy oinbits under

1 … 喜 G ×G×G号 G×6→|= pt
row Fun (Sn

, BGHr gmpoid
=

Map (l9n1 , 13G)
2 .Map(sl ,BG
上 LBG



Pt19 )thTT-
aitin on

THII ( $[GJ] = Ʃ早LBG

Comes from theA - action on LBG

given by rotating loops
(2
)

Th Frobenins
三早 LBG→Ʃ早 LBGtG

adwits a life

三早LBG→Ʃ早LBGhCp.

Coaniy from
the Cp - invariant map

LBG→ LBG
that iscompraitinpre sthe dey P

mmp se → 8
M

.



lay insidn this prot :

theTotedigonal$IGJ→(
$[G
]Xtp

li-fethroughthedingonel→GxP.

idea cons from IBokstdt -Carlson-
Cohen - Goodmillie - Hsiang

-
Madsent

Ffor GanEe -guoup
uy TToG ap-group

三早 LBG→Ψp
-id
Ʃ早LBG

feve dere
Ʃ早 BG→三GBG

is a pull-back after P
- Completion .



Proo colibies of horizontal maps
areLBGJHIN, BGJN

1 1

⼀早 Ψp(2 (BG) hz
三早BGh区

it suffices to check

YPTLBG→ BG is an Fp - homology equir

q
←← *G → - - PtG

↓ ↓
LBGPLBGPLBE_→ … 声LBG
↓ ↓ ↓ ↓
BGdBG LSBG→

…

BG



sufting to chak H.CPYG , p ) = 0

p
-1G ≈ p

~ G
0

Now
, HalplG0; iFp )is aconnate

Hopf algebra, and multiplyiy by p

indHs.(G0)←Hx (G0) *P ☆ Ha(G0 )

⼀ A←APA

is degmrise nilpotent forA a connectul

Hobf algebra overFp .



fon G anBe - gooup y

πoGap -group ;

TC ($[GI ; zp)
→Ʃ (I☆ (B)

”

셆

↓
丄

↓
理 BG)分 → 三华B(

0

a)分
i . e

.

Tc($[G] ;p) ≡ 之华BC0
fi任早(BG)Gπ→ƩFLBC世

→ “三Bc)” 分




